Abstract-This paper presents a new analytical method for predicting magnetic field distribution and levitation force in three configurations of high temperature superconducting (HTSC) maglev vehicles. The permanent magnet guideways (PMG) are composed with ferromagnetic materials and NdFeB permanent magnets. The proposed analytical model is based on the resolution in each region of Laplace's and Poisson's equations by using the technique of separation of variables. For the study, we consider the HTSC as a perfect diamagnetic material. The boundary conditions and Fourier series expansion of interfaces conditions between each region are used to find the solution of magnetic field. The developed analytical method is extended to compute the magnetic field distribution generated by the three types of PMGs when removing the HTSC bulk. Magnetic field distribution and vertical force obtained analytically are compared with those issued from the finite element method (FEM).
INTRODUCTION
Magnetic levitation (maglev) is widely used in many applications such as superconducting magnetic bearings (SMB), energy storage system and flywheels, magnetic levitating vehicle. Compared with the conventional active controlled electromagnetic levitation system, the passive HTSC maglev system has many advantages, such as self stabilization, low cost, high levitation height, and high reliability [1] [2] [3] [4] [5] [6] [7] [8] [9] .
Much work has been done with considering the superconductor as a perfect diamagnetic material to determine the levitation force in SMB, the thrust force in magnetic gear and the electromagnetic torque in superconducting reluctance machine. This consideration implies an evaluated force in SMB greater than the real levitation force [10] [11] [12] [13] [14] [15] .
The knowledge of optimal PMG and HTSC dimensions is essential to design SMB for various applications. The most important parameter of a SMB is the developed levitation force between the superconductor and the magnetic source (PMG) [16] [17] [18] . Many authors used BiotSavart law for the calculation and optimization of magnetic field distribution in the PMG alone without taking into account the ferromagnetic material [1, 7, 19, 20] . Static finite element method is also used for the prediction of magnetic field generated by the PMG alone. The levitation force in real HTSC-PMG is computed by Lorentz force formula and finite element method using bean model or flux flow-creep model. The flux density generated by the PMG alone and calculated with Biot-Savart law or static FEM is used as excitation field in the finite element method [1, 18, [21] [22] [23] . In [24] , the author used a numerical Schwartz-Christoffel (NSC) method to predict magnetic field distribution and levitation force in diamagnetic bearings. The analytical method presented in our paper which is more accurate than Biot-Savart law and NSC mapping, can be coupled to finite element method to determine levitation force for real HTSC-PMG systems at the second stage of design of SMB.
The proposed analytical method which is based on the subdomain model [25, 26] and boundary value problems is used to predict the magnetic field distribution and levitation force in HTSC-PMG maglev vehicles. Three configurations which have been extensively analyzed numerically (FEM) and experimentally [27] [28] [29] [30] are considered in this paper. Moreover, the magnetic field distribution created by the three configurations of PMG alone is also determined with the developed analytical method. In order to validate the proposed model, the results are compared with those obtained from finite element method (FEM) [31] .
MAGNETIC FIELD SOLUTION IN HTSC-PMG MAGLEV VEHICLES
Here, we propose an analytical solution of the magnetic field distribution in the studied HTSC-PMG maglev vehicles. Figure 1 shows the model of the HTSC-PMG (Geometry A) maglev vehicle formulated in two-dimensional Cartesian coordinates with assuming the axial length of the machine infinite, i.e., end effects are neglected. The partial differential equations for magnetic field in term of vector potential A which has only one component in the z direction and is not dependent on the z coordinate, can be expressed by
in regions I, II, III, IV, V, VI, VII and IX.
in region VIII, where M y (x) = M 1 y (x) + M 2 y (x) and M 1 y (x) and M 2 y (x) are the magnetization in the y direction of permanent magnets. The field vectors B and H, in the different regions, are coupled by in regions I, II, III, IV, V, VII and IX  (3) where
where
and M j,x (x) (j vary from 1 to 3) is the magnetization in the x direction of permanent magnets in region VI, and µ r is the relative recoil permeability of permanent magnets which is set to unity. In region VI, the magnetization distribution in x-direction of horizontally magnetized permanent magnets is given as
where B r is the residual magnetization of permanent magnets.
and M 3 x (x) are the magnetization in the x direction of permanent magnets.
Flux density components are deduced from A by
Compared to real HTS bulk, the flux lines in a perfect diamagnetic behavior of the HTS bulk is totally rejected from the HTS bulk and the flux lines are tangential to the surface of the bulk.
As shown in Fig. 1 , the whole domain is divided into nine sub-domains (regions) where the perfect diamagnetic material is equivalent to imposing a Dirichlet condition on the surfaces of the superconducting bulk:
The infinitely permeable ferromagnetic material is equivalent for example to imposing
The whole domain is limited in the x coordinate direction (x = 0 and x = x 5 ), where homogeneous Dirichlet boundary conditions have been imposed (A = 0). These outer boundaries must be chosen sufficiently far away from the area where reliable solutions are needed so that they do not affect the results (x 6 0 and x 5 x 7 ). Moreover, the magnetic vector potential in regions I and IX must be finite at y = ∞ and y = −∞, respectively.
The magnetization components
and M 2 y (x) in region VIII are independent of the y-coordinate and depends only on the x-coordinate as shown in Fig. 2 .
The source terms M 1 x (x), M 2 x (x) and M 3 x (x) can be expanded as where
Br µ 0 sin (αx) dx where n is a positive integer and
The source terms represented by the radial magnetization distributions M 1 y (x) and M 2 y (x) are expanded as
The partial differential Equations (1) and (2) issued from Maxwell's equations are solved in each region ( Fig. 1 ) by using the method of separation of variables and Fourier series analysis.
In region I, which is delimited in y-direction by y = y 4 and y = +∞ and in x-direction by x = 0 and x = x 5 , we have to solve the Laplace equation. Considering the Dirichlet conditions at x = 0 and x = x 5 and the magnetic vector potential finite at y = +∞, the general solution of (1) can be expressed as
The regions II and III are delimited in the y-direction by y = y 4 and y = y 3 and satisfies the Dirichlet conditions at x = 0, x = x 3 , x = x 4 and x = x 5 . From boundary conditions (7), the solutions of (1) in regions II and III are:
in region II, where β = kπ x 3 and k a positive integer.
in region III, where λ =
The air gap between the superconducting bulk and permanent magnet guideway is represented by the region IV. It is delimited in the y-direction by y = y 3 and y = y 2 . From the Dirichlet conditions at x = 0 and x = x 5 , the solution of Laplace's Equation (1) in IV is given as
The permanent magnet guideway is composed by permanent magnets magnetized in y-direction and x-direction and ferromagnetic material. The presence of iron introduces in the HTSC-PMG model the boundary conditions (8) . The resolution of Laplace's Equation (1) in regions V, VI and VII by using the technique of separation of variables permits to get
C8 l e ψy + C9 l e −ψy sin (ψx) (18) in region V, where ψ = (2l+1)π 2x 6 and l an integer.
in region VI, where g = x 8 +
in region VII, where ω =
. Region VIII is delimited in y-direction by y = 0 and y = y 1 and in x-direction by x = 0 and x = x 5 . From boundary conditions in x-direction, the general solution of magnetic vector potential governed by the Poisson Equation (2) is given as
where M y n = M 1y n + M 2y n . In region IX, which is delimited in y-direction by y = 0 and y = −∞ and in x-direction by x = 0 and x = x 5 , we have to solve the Laplace equation. Considering the Dirichlet conditions at x = 0 and x = x 5 and the magnetic vector potential finite at y = −∞, the general solution of (1) can be expressed as
The relations between the integration constants
n , C15 n and C16 n are determined by applying the interface conditions between the different regions. The system of equations issued from the interface conditions is given in the appendix. It is important to notice that the continuity conditions of the regions of HTSC bulk are different to those of permanent magnets guideway. The developed analytical method is used to predict magnetic field distribution and levitation force in HTSC-PMG maglev vehicles (geometries B and C) where the PMG are composed with ferromagnetic materials and horizontally magnetized permanent magnets. The model of both studied configurations with the corresponding nine subdomains is shown in Fig. 3 . The methodology and developments are identical to above HTSC-PMG (Geometry A). However, only Laplace Equation (1) is solved in all sub-domains by using the method of separation of variables. 
MAGNETIC FIELD CREATED BY THE PMG ALONE
Nowadays, the prediction and optimization of magnetic field distribution generated by the PMG alone is obtained numerically using static FEM or analytically using Biot-Savart law. The Biot-Savart law does not take into account the ferromagnetic material. The obtained magnetic flux density is used as excitation field in the finite element method using bean model or flux flow-creep model of real HTSC bulk (type-II superconductors). In this section, we extend the developed analytical method to compute magnetic field distribution generated by the PMGs alone. For Geometry A, the model of PMG alone (Fig. 4) is obtained with removing regions II, III and IV from the model of HTSC-PMG model of Fig. 1 . The study is done as above with solving Equations (1) and (2) by using the method of separation of variables.
The model of Fig. 5 is used to predict magnetic field distribution developed by the PMGs alone (geometries B and C). This is done with solving only Laplace's Equation (1) in each region using the method of separation of variables. 
RESULTS AND VALIDATION
In order to show the accuracy of the analytical model, we compare the magnetic field distribution and levitation force obtained analytically with those obtained with the finite element method (FEM). The superconductor is modeled as a perfect diamagnetic material in the FEM with using a small relative permeability value (10 −9 ). For the ferromagnetic material which is considered linear (saturation is supposed negligible), a relative permeability of 10 7 has been used.
Flux Density and Levitation Force in HTSC-PMGs

Flux Density in HTSC-PMG: Geometry A
The main dimensions in millimeters of the studied HTSC-PMG maglev vehicle (Geometry A) are given in Fig. 6 . With the known flux density distribution in all regions, the vertical force of the HTSC-PMG maglev vehicle can be determined. The force is calculated by means of Maxwell stress tensor at a closed path, along which the PMG is integrated. The integrals over the four lines of the closed path other than a line in the air gap (y g ) do not contribute significantly to the vertical force. So, the electromagnetic levitation force is expressed as follows:
where L u = 100 mm is the z-direction length of the HTSC-PMG maglev vehicle. The magnetic flux lines when the air-gap thickness is equal to 40 mm is shown in Fig. 7 . One can see the distorsion of the flux lines at the location of the HTS bulk. The deviation of the field lines in the air-gap is the cause of the electromagnetic vertical force. The magnetic flux density distribution in the y-direction B y and x-direction B x calculated at a height of 5 mm above the top surface of the PMG and for three air-gap thickness is shown in Fig. 8 . At a working gap of 40 mm, the magnetic flux density components at three y g (lines in the air gap) are shown in Fig. 9 . It can be seen that the analytical results are extremely close to those issued from the FEM.
Flux Density in HTSC-PMG: Geometry B
Studied HTSC-PMG maglev vehicles (geometries B and C) have the dimensions shown in Fig. 10 
Flux Density in HTSC-PMG: Geometry C
This configuration is identical to Geometry B with a difference in the dimensions of permanent magnets and ferromagnetic material. The flux density distribution at three lines y g in region IV when the airgap thickness is equal to 40 mm and at a height of 5 mm above the top surface of the PMG for two air-gap thickness are shown in Figs. 14 and 15 respectively. The analytical curves of B x and B y agreed very well to the FEM curves. The computational time requirements for magnetic field calculation in studied HTSC-PMGs topologies with analytical model and FEM are shown in Table 1 . Analytical calculation time for used number of harmonics n, m, k and l (100, 100, 100 and 100) is greater when the number of subdomains increases. FEM computational time is approximately 13 times greater than analytical model. This is due to the meshing of spaces around the PMG and HTSC bulk which must be important to improve the accuracy. The computational time increases also when the number of elements is higher for the same studied domain (surface).
Levitation Force
The developed vertical forces in function of air-gap thickness from the three configurations (A, B and C) of the HTSC-PMG maglev vehicles are shown in Fig. 16 . Compared to the FEM simulations, one can see that the analytical calculation agrees very well when varying the air gap thickness. The best levitation performance is achieved by the Geometry A configuration.
Flux Density Created by the PMGs
Flux Density Created by the PMG Alone: Geometry A
Flux lines of Geometry A is shown in Fig. 17 . The flux density components at three lines (y g ) above the PMG when the superconducting bulk is removed are shown in Fig. 18 . Excellent agreement between analytical and FEM results is achieved.
Flux Density Created by the PMG Alone: Geometry B
Flux lines, in this case, are shown in Fig. 19 . The flux density components at three y g above the PMG are shown in Fig. 20 . One can observe a very good agreement between analytical and finite elements predictions for both y-direction and x-direction components.
Flux Density Created by the PMG Alone: Geometry C
Flux lines created by the PMG are shown in Fig. 21 . The magnetic field components at three y g above the PMG are shown in Fig. 22 . Excellent agreement between analytical and FEM results is also observed. 
CONCLUSION
In this paper, a new analytical method to predict the air-gap magnetic field distribution and levitation force in three configurations of HTSC-PMG maglev vehicles has been presented. The Laplace and Poisson's equations in Cartesian coordinates have been solved analytically by using the technique of the separation of variables. The solutions have been obtained using boundary and Fourier series expansion of continuity conditions between the different sub-domains. The different results presented in this paper have shown that the proposed analytical model is able to predict magnetic field distribution and levitation force of HTSC-PMG maglev vehicles with excellent precision. Hence, the analytical model developed in this paper can be used as a preliminary tool to investigate the influence of the design parameters such as HTS bulk width, air-gap thickness and PMG geometry dimensions. The analytical model is extended to compute the magnetic field distribution generated by the three configurations of PMGs alone. The flux density generated by the PMGs alone and calculated analytically can be coupled to finite element method to determine levitation force for real HTSC-PMG systems.
APPENDIX A.
In terms of magnetic vector potential and magnetic excitation, the interface conditions between region I, region II and region III at y = y 4 ( Fig. 1) which contain diamagnetic material lead to:
According to Fourier series expansion, from (A1), we obtain
where G1 = sin(αx) sin(λ(x − x 4 ))dx.
Fourier series expansion of interface condition (A2) between regions I and II at y = y 4 gives
From interface condition (A3), we have
The interface conditions between region IV, region II and region III at y = y 3 are:
AIV (x, y 3 ) = AII (x, y 3 ) + AIII (x, y 3 ) (A7) HIV x (x, y 3 ) = HII x (x, y 3 ) (A8) HIV x (x, y 3 ) = HIII x (x, y 3 )
At y = y3, Fourier series expansion of interface condition (A7) gives The continuity conditions between region IV; region V, region VI and region VII at y = y 2 which contain the ferromagnetic materials with infinitely permeability lead to:
AIV (x, y 2 )=AV (x, y 2 ) (A13) AIV (x, y 2 )=AV II (x, y 2 ) (A14) AIV (x, y 2 )=AV I j (x, y 2 ) (A15) HIV x (x, y 2 )=HV x (x, y 2 ) + HV I xj (x, y 2 ) + HV II x (x, y 2 ) (A16)
Fourier series expansion of interface condition (A13) between regions IV and V gives 
